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to evaluate energy flux at the control-volume surface, are in very
good agreement with the exact solution in Figs. 2a-2d. The mov-
ing shock wave is captured very sharply within a few nodes. The
pressure and velocity solutions are almost exact, however, there is
a minor undershoot before the contact discontinuity in the temper-
ature distribution. Since the density is calculated from the equation
of state, its value is completely dependent on the pressure and tem-
perature fields. The effect of using Eqs. (7) and (11) to evaluate
the energy flux at the control-volume surface is shown in Figs. 2e
and 2f, respectively. The pressure and velocity distributions are not
shown here; they are similar to the results in Figs. 2b and 2d, ex-
cept that for the velocity distributions there exists a small overshoot
at x = 0.0. A temperature undershoot higher than that in Figs. 2c
and 2e is seen in Fig. 2f. However, there is not much difference in
the rest of the temperature distributions; see Ref. 11 for complete
results.

In conclusion, for the numerical results, the overall accuracy of the
method is found to be quite satisfactory, and no particular problem
has been detected. All three forms of the energy flux evaluation can
be used in this method, however, smoother results are obtained when
Eq. (9) is used.
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Simulating Heat Addition
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Area Compressible Flows
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Introduction

T HE one-dimensional flow analyses of this study demonstrate
the interesting and potentially useful similarities between the

influence of heat addition and of mass addition (injected normal to
the flow at the same total temperature) on compressible duct flows.

For the most part, the effect of a given fractional mass flow ad-
dition on flow properties is equivalent to twice that amount of frac-
tional total temperature increase. This conclusion applies in particu-
lar to the important phenomena of choking and wall boundary-layer
separation, the latter resulting from the adverse pressure gradients
created by heat or mass addition in supersonic flows. Wall boundary-
layer separation is, in fact, so natural to such flows that it appears to
often precede any choking that would otherwise occur.

The results of this study suggest that some aspects of the com-
plex behavior of dual-mode, ramjet/scramjet combustors1 could be
experimentally evaluated or demonstrated by replacing combustion
with less expensive, more easily controlled, safer mass addition.

The first clue to the strength of the analogy is revealed by the
well-known influence coefficients of one-dimensional compress-
ible flows (e.g., Table 8.2 of Ref. 2), several of the most important
of which are found in Table 1. The clear message of this tabula-
tion is that the incremental influence of a given fractional change
of mass flow rate 8m/m on Mach number M, static pressure p,
and total pressure pt is exactly double that of an equal fractional
change of total temperature 8Tt/Tt for the same ratio of specific
heats y.

Simple Mass or Heat Addition Flows
The analyses that follow next are based on the classical one-

dimensional model of the steady, constant throughflow area flow of
a calorically perfect gas.2 In addition to the traditional model, it will
be assumed that any mass addition has the same total temperature
and imposition as the inlet flow and is injected normal to the duct
axis (i.e., without contributing to the axial momentum) and, unless
otherwise noted, the flow is frictionless.

The reader will recognize that many of these assumptions are
made for convenience, rather than out of necessity. Solutions to the
governing equations could be obtained with less restrictive assump-
tions (e.g., the case of combined mass addition and wall friction
that appears later) but at a price we believe to be disproportionate to
the benefit, including the loss of simplicity and transparency. These
assumptions have led to fruitful results throughout the history of
compressible fluid mechanics, as they will for the situation at hand.

When the throughflow area is constant and only one forcing func-
tion (e.g., heat or mass addition) is present, these flows are com-
monly known as simple flows. They have many appealing and use-
ful characteristics, the best known being that they yield closed-form
algebraic solutions that depend on the single forcing function (e.g.,
Table 8.3 of Ref. 2). Simple flows have contributed generously to
organizing our thinking, intuition, and experiences about compress-
ible flows, and the present case will prove to be no exception. The
simple flow involving heat addition is usually referred to as Rayleigh
flow. The simple flow involving mass addition has no established
designation, and will be referred to here as SMA flow.

The solution procedures for Rayleigh flow and SMA flow will
not be reproduced in any detail here, but the same solutions can be
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Table 1 Influence coefficients for heat and mass addition in one-dimensional
compressible flows.
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obtained in a number of ways, the most convenient being the ma-
nipulation of established formulas for simple flows (e.g., columns 2
and 4 of Table 8.3 of Ref. 2) and subsequent application of the use-
ful integral relations.2 [A perceptive reviewer familiar with Ref. 2
suggested that SMA flows be referred to as SMA-0 flows (cor-
responding to y = 0), because SMA-1 flows (corresponding to
y = 1) display a similar analogy between area variation and mass
addition.]

It is important to emphasize that the simple flow solutions for the
exit conditions (subscript e) depend solely upon the inlet conditions
(subscript /) and the cumulative fractional change of either total
temperature 8Tt/Tti or mass flow Sm/mt. They do not require inte-
gration and do not depend on the axial distribution of the addition
of either heat or mass.

Simple Mass Addition (SMA) Flow
When only mass addition is present (and 8Tt = 0), then

2 _ . -2xr2dbv / i -2(x + i)r2

2y2r2 - (x -1) (1)

where + and — correspond to Me > 1 and Me < 1, respectively,
and

1 + yM2

and the other leading properties are found from
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p>
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1 + [(X - D/2]M,2

1 + [(Y - D/2JM-2

1 + [(y - 1)/2]MJ

(2)

(3)

(4)

Choking
The influence coefficient in Table 1 indicates that adding mass

always drives the Mach number toward 1 or choking. This outcome
is intuitively appealing because it resembles the familiar simple
flow cases of heat addition or skin friction. There is an upper limit
to the fractional amount of mass that can be added before choking
at the exit is encountered and the inlet conditions can no longer be
sustained. The expression for that limit, obtained by setting Me = 1
(or the discriminant = 0) in Eq. (1), is

\ ' / C A/I;

yM2

-1 (5)

where the subscript c refers to choking.
The results of calculations based on these solutions are presented

as continuous lines in Fig. 1. They are shown for two typical dual-
mode combustor inlet Mach numbers and for their entire respective
allowable ranges of fractional mass addition. This information, at
the very least, reveals that large variations in important and easily

measured flow properties can be caused by relatively small fractional
mass flow additions. It also confirms the Table 1 influence coefficient
conclusion that a major difference between supersonic and subsonic
SMA flow is the sign of the static pressure change.

Wall Boundary-Layer Separation
The static pressure increase resulting from mass addition for su-

personic inlet flows could cause the wall boundary layer to separate,
and the assumptions and model of this analysis to break down. An
indication of the minimum amount of fractional mass flow addition
required to make this happen can be obtained by applying the most
elementary version of the Stratford turbulent boundary-layer sepa-
ration criterion, namely, that separation will occur when the pressure
coefficient (i.e., the overall static pressure rise divided by the inlet
dynamic pressure qt)

Pe ~ Pi (6)

exceeds a set value.3 Experimental evidence suggests that Cp will be
in the vicinity of 0.40 for this type of flow. Although this approach is
unlikely to yield precise predictions, it is employed here in the spirit
that it can be expected to lead to reasonable figures and realistic
trends.

Combining only Eqs. (2) and (6) leads to the result that

(7)

where the subscript s refers to separation, so that, using Eq. (1)

8m

-1
1 - (Cp/2)

1 + [(X - D/2]M?
1 +

(8)

Interestingly, these expressions also lead to the conclusion that the
axial velocity ratio

Vi 1 + (toii/m,.),

is very close in appearance to the diffusion factor separation criterion
often applied by engineers to similar flow situations, all the more
so because the maximum value of Sm/ihi is much less than 1 (see
Fig. 1).

A comparison of the fractional mass additions expected to cause
choking and separation for given inlet Mach numbers is found as the
continuous lines in Fig. 2. This information suggests that separation
is likely to precede choking for most supersonic turbulent SMA
flows, and, in turn, implies that it is very likely to happen if the flow
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Fig. 1 Comparison of flow property behavior for SMA and Rayleigh flows, horizontal axis fractional change refers either to 6m/ro/ or \ (6Tt/TtiY9
a) subsonic flow and b) supersonic flow. Mass addition: continuous lines, heat addition: broken lines.
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Fig. 2 Comparison of choking and separation limits for SMA and
Rayleigh flows, vertical axis fractional change refers either to 6m /mt or
\(6Tt/Tti}.

remains laminar and the allowable Cp is even smaller. Note that the
curves intersect where Me,s = 1, or, using Eq. (7)

2 - (y + DC,

1 - <C,/2) f

(10)

OD

to the left of which either point so little mass flow addition is needed
to cause choking that turbulent separation cannot occur or the static
pressure decreases due to mass addition in subsonic flow.

Rayleigh Flow
When only heat addition or total temperature increase is present

(and 8m = 0), then

M.2 =
- (y - 1)

(12)

where + and — correspond to Me > 1 and Me < 1, respectively,
and

and the other leading properties are found from Eqs. (2) and (3) and

+ [(/ -!L
~fi - 1)/2]M,2

(13)

Choking
The influence coefficient in Table 1 indicates that adding heat

always drives the Mach number toward 1 or choking. This is the
origin of the thermal choking phenomenon. There is an upper limit
to the fractional amount of total temperature increase that can occur
before choking at the exit is encountered and the inlet conditions
can no longer be sustained. The expression for that limit, obtained
by setting Me = 1 (or the discriminant = 0) in Eq. (12), is

8T]\ = ______(1 +
7jr/c""2(y + DAf /

2{l- - D/2]Af2}
- 1 (14)

The results of calculations based on these solutions are presented
as the broken lines in Fig. 1. They are shown for two typical dual-
mode combustor inlet Mach numbers and for their entire respective
allowable ranges of fractional total temperature increase. Their most
striking feature is their close resemblance to those of SMA flow,
except, for obvious reasons, the static temperature ratio Te/Ti [see
Eqs. (4) and (13)]. One can hardly escape the conclusion that SMA
flow can provide a close analogy to Rayleigh flow.

Wall Boundary-Layer Separation
The static pressure increase resulting from heat addition for su-

personic inlet flows could cause the wall boundary layer to separate,
and the assumptions and model of this analysis to break down. This
effect is, in fact, usually found in dual-mode combustor experimen-
tal data during high heat release supersonic combustion operation.1
Fortuitously, the available data also seem to support the use of the
elementary Stratford turbulent boundary-layer separation criterion



170 AIAA JOURNAL, VOL. 33, NO. 1: TECHNICAL NOTES

with a Cp ~ 0.40 despite the unusual circumstances of this appli-
cation. We will, therefore, use it again as a general indicator of the
behavior of Rayleigh flow.

Application of this criterion leads to the same result as Eq. (7),
so that, using Eq.( 12)

Tti

p/2)

(15)

Interestingly, the governing equations also lead to the conclusion
that

-I-£L
~ 2 (16)

which is identical in appearance to the diffusion factor separation
criterion often applied by engineers to diffusers and turbomachinery
blading.

A comparison of the fractional total temperature increases ex-
pected to cause choking and separation for given inlet Mach num-
bers is found as the broken lines in Fig. 2. This information suggests
that separation is likely to precede choking for supersonic turbulent
Rayleigh flows and, in turn, implies that it is very likely to happen
if the flow remains laminar and the allowable Cp is even smaller.
Note that the curves intersect at the point where Me,s — 1, as given
by Eq. (10) and

- (Cp/2)]2

l-Cn
1 (17)

to the left of which point so little heat addition is needed to cause
choking that turbulent separation cannot occur.

Again, the close likenesses in Fig. 2 show that there is a strong
analogy between SMA flow and Rayleigh flow.

Combined Mass Addition and Wall Friction
Having established the close correspondence between SMA flow

and Rayleigh flow, the next step is to consider the realities of de-
signing experiments. We will, therefore, now estimate the influence
of wall friction on what would otherwise be an SMA flow. This
case is not found in the classical literature but can be easily done
by including a wall friction resistance force in the control volume
analysis.

To simplify the analysis, nevertheless maintaining adequate ac-
curacy, the wall friction force is based entirely upon the inlet condi-
tions, rather than on a local skin friction integral from inlet to exit.
Thus, the total duct wall friction force is given by the expression

^L_
~D

^L_
~D

(18)

where / is a friction coefficient based primarily on the Reynolds
number of the flow, and the duct aspect ratio L/D is the ratio of
the length to the hydraulic diameter (i.e., four times the throughflow
area A divided by its circumference which, for a circular duct, is
equal to the geometric diameter and, for a planar duct, is equal to
twice the passage height). The selection of this model is warranted
for two reasons. First, as will be shown later, the local dynamic
pressure does not ordinarily vary much from inlet to exit and the

average dynamic pressure varies even less. Second, / can only be
estimated in advance within fairly wide limits, thus frustrating any
efforts to obtain very precise estimates.

When the wall friction force is included, the constant area control
volume analysis yields

2(y + 1)A2

2y2A2 - 1)
(19)

where + and — correspond to Me > 1 and Me < 1, respectively,
and

A =
[1 + + [(y - 1)/2]M?

l + yM?[l-2f(L/D)]

and the static pressure ratio is given by

pe l + yM?[l-2f(L/D)]
(20)

while the total pressure ratio and static temperature ratio are given by
Eqs. (3) and (4), respectively. Note that the prior SMA flow results
are obviously recovered when / is zero.

Choking
Since friction also drives Me toward 1, the maximum possible

fractional mass addition allowed before choking occurs at the exit
will be less than for SMA flow. The expression for that limit at a given
value of /(L/D), obtained by setting Me = 1 (or the discriminant
= 0)inEq. (19), is

y M f [ l - 2 f ( L / D ) ]
-1 (21)

The results of calculations based on these solutions are pre-
sented in Fig. 3. They are shown for two typical dual-mode com-
bustor inlet Mach numbers and for their entire respective allow-
able ranges of fractional mass addition, as well as for the range of
0 < 4/(L/D) < 0.10. The latter range is based, in turn, on the
likelihood that L/D will be of the order of 10 and 4/ of the order
of 0.01 for fully turbulent flow in a reasonably smooth duct and
Reynolds numbers in excess of 106 that typify dual-mode combus-
tor and research laboratory conditions.2 If any substantial portion
of the flow remains laminar, of course, the upper limit of 4 f (L/D)
will be considerably less.

Wall Boundary-Layer Separation
The static pressure increase resulting from mass addition for su-

personic inlet flows could cause the wall boundary layer to separate
even with wall friction present, and the assumptions and model of
this analysis to break down. We will continue to use the elementary
Stratford turbulent boundary-layer separation criterion of Eq. (6),
largely for purposes of uniformity and because the presence of wall
friction will be found to only cause a small perturbation to the orig-
inal SMA flow.

Combining only Eqs. (6) and (20) leads to the result that

/MA _

UA
J2-Cp-4f(L/D)

or, substituting this into Eq. (19), that

(22)

- [(y - 1)/2]M? I

These expressions produce a very similar conclusion to Eq. (9), namely, that

_ 1 - (Cp/2) - 2 f ( L / D )
1 + (Sm/mi)s

Y + 1 (23)

(24)

The locus of separation points for the supersonic inlet Mach numbers can also be found in Fig. 3. This result continues to indicate that
boundary-layer separation will occur before choking, for the expected range of values of 4f(L/D), even for turbulent flow.
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Fig. 3 Combined effects of mass addition and wall friction, 4/(L/D) =
0 cases also appear in Fig. 1.

Most importantly, the information of Fig. 3 shows that wall fric-
tion should not have a dominant effect on the qualitative and quan-
titative behavior of the flow in typical experiments. The fractional
mass addition for choking and separation is changed by less than
25% over the range of expected values of 4/(L/D).

Finally, the preceding equations Eq (24) may be combined with
the definition of q to show that

(25)

which leads to the conclusion that, regardless of the value of the inlet
Mach number, qe will always be at least about 0.8g/, and the aver-
age q, therefore, at least 0.9g/, thus supporting the earlier assertion
that the local dynamic pressure does not vary much from inlet to
exit.

Conclusions
This study has shown that there is a striking similarity be-

tween the influence of heat addition and mass addition on com-
pressible flows. Most importantly, these results encourage the be-
lief that relatively modest laboratory experiments employing mass
addition can be devised that will reproduce the leading phe-
nomena of heat addition, such as the axial variation of proper-
ties, choking, and wall boundary-layer separation. If so, the mass
addition method could be further developed to explore and/or
demonstrate the complex behavior of dual-mode ramjet/scramjet
combustors.

Meanwhile, the insights into both types of flows found here
further extend the already generous benefits of classical one-
dimensional compressible flow analysis.
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Effect of Ambient Turbulence
Intensity on Sphere Wakes

at Intermediate Reynolds
Numbers

J.-S. Wu* and G. M. Faettf
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Nomenclature
= drag coefficient
= sphere diameter, m

t = characteristic wake width, Eq. (2), m
Re, Ret = sphere and turbulence Reynolds numbers, dU^/v and

radial position, m
wake-scaling velocity, Eq. (2), m/s
mean relative velocity of sphere, m/s
mean and rms fluctuating streamwise velocities, m/s
rms fluctuating cross-stream velocity, m/s
streamwise distance from center of sphere, m
molecular and turbulence kinematic viscosities, m2/s

Cd
d

Subscripts

c = centerline value
o - virtual origin condition
oo = ambient condition

Introduction

R ECENT studies of turbulence generation in dispersed multi-
phase flows have motivated the need for more information

about the structure of sphere wakes at intermediate Reynolds
numbers1 (10 < Re < 1000), prompting earlier measurements of
sphere wakes in nonturbulent environments2 and in turbulent en-
vironments having an ambient turbulence intensity of 4.0% (Refs. 3
and 4). The observations of sphere wakes in turbulent environments
indicated that whereas the wakes were turbulent, their mean stream-
wise velocities scaled like self-preserving laminar wakes with con-
stant but enhanced viscosities due to the presence of the turbulence.3
Thus, based on classical similarity analysis of self-preserving round
laminar wakes with constant viscosities, the mean streamwise ve-
locities in the wakes could be scaled as follows3'5'6:

ii/Ut = [d/(x - x0)] exp(-r2/2r) (1)

where the wake-scaling velocity and characteristic wake width are

= Cd Ret/32, t/d = [2(x - x0)/d Re (2)

and the effective turbulence viscosity appears in Ret. Effective tur-
bulence viscosities were relatively independent of position and the
ratios of integral and Kolmogorov length scales to d (for the ranges
11-59 and 0.08-0.80, respectively); nevertheless, they increased
with Re and exhibited low and high Re regimes separated by a tran-
sition regime where effects of vortex shedding were prominent in
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